Logarithmic Sobolev trace inequalities 

F. Feo*-M. R. Posteraro^ 



Abstract 

We prove a logarithmic Sobolev trace inequality in a gaussian space and we 
study the trace operator in the weighted Sobolev space W^^'^(f2, for suffi- 
ciently regular domain. We exhibit examples to show the sharpness of the results. 
Applications to PDE are also considered. 

1 Introduction 

Sobolev Logarithmic inequality states that 

j Ju flog \u\ '^7<| j jVu\^\uf~^ sign u '^7+ ll'"llip(Kiv_^) log ||^i|lLP(iRiv^.^), 

(1.1) 

where 1 < p < +oo, 7 is the Gauss measure and L'p (M^, 7) is the weighted 
Lebesgue space (see §2 for the definitions). This inequality was first proved 
in |17) (see also [3] for more general probability measure). It has many 
applications in quantum field theory and differently from classical Sobolev 
inequality it is independent of dimension and easily extends to the infinite 
dimension. 

In terms of functional spaces inequality (ll.ip implies the imbedding 
of weighted Sobolev space M/^^'P(]R^, 7) into the weighted Zygmund space 
L'P (log L) 2 (R^, 7) . The imbedding holds also for p = 1 and it is connected 
with gaussian isoperimetric inequality and symmetrization (see |19j , jl4] and 
[23]). 

For p = +00 one obtains (see [21] and [T]) that if u is a Lipschitz continuous 
function, then u e L°° (logL)"^ (IK^,7) • 
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This kind of imbeddings are also studied in [8] in the more general case of 
rearrangement-invariant spaces. 

In [TO] a set C and the space Wq'^ (O, 7) are considered using 
properties of rearrangements of functions; the authors prove that if n G 
Wq'^ (0,7) with 1 < p < +00, then u e LP (logL)^ (^^,7) and 

ll^ill . .1. < Ci llVtill r„^o • (1-2) 

Moreover if u is lipschitz continuous function with lim u{x) = and 

x&Q,\x\—^+oo 

u\dn = 0) then u G L°° (log L) 2 (f]^ -y) and 

||n|| 1 < C2 llVull room^ • (1-3) 

The constants Ci,C2 depend only on p and 7(il). Analogue inequalities 
have been obtained in infinite dimensional case and in the Lorentz-Zygmund 
spaces (see the appendix of [16j). 

A first result of our paper is to obtain (jl.2p when u G Ty^'P(7,0) (see 
§3); in this case, as one can expect, smoothness assumption on dQ have 
to be made. Besides the continuity also the compactness of the imbedding 
of VF^'P(r2,7) in a Zygmund space is studied. As a consequence we obtain 
a Poincare-Wirtinger type inequality. We analyze also the case p = +00. 
These results are sharp and counterexamples in this direction are given. 
Applications of these results to PDE are also considered. 

The results explained above are used to investigate Sobolev trace ine- 
qualities. This kind of inequalities play a fundamental role in problems with 
nonlinear boundary conditions. In the euclidean case the Sobolev trace 
inequality (cf. e.g. [18]) tell us that if is smooth enough and 1 < p < A^, 
then there exists a constant C (depending only on il. and on p) such that 

||Tn|| p(jv-i) < C ||ti||wi,p(-Qi for every u G W^'^ ($7) , 

where T is the trace operator. This kind of inequalities has been developed 
via different methods and in different settings by various authors including 
Besov [6], Gagliardo [H], Lions and Magenes [22]. Trace inequality that 
involves rearrangement-invariant norms are considered in [?]. 

To investigate about trace operator in the weighted Sobolev space W^'P{^, 7) 
in §4 we need a Sobolev trace inequality. We prove that if is a smooth 
domain and u G C°°{Q) then 

\u\P log^ i2 + \u\ )^dS < C . (1.4) 
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This inequality is sharp and captures the spirit of the Gross inequahties: 
the logarithmic function replaces the powers in this case too. We analyze 
also the case p = +00. 

Using (|1.4p . we can define the trace operator and to prove continuity and 
compactness of the operator W^'^^i^, 7) into U'{dVL, 7) for sufficiently regular 
domain C R^. Moreover we prove a Poincare trace inequality is obtained 
in a suitable subspace of 7). We give also some applications of these 

results to PDE. 

An other Sobolev trace inequality is obtained in [21] as limit case of the 
classical trace Sobolev inequality. 

2 Preliminaries 

In this section we recall some definitions and results which will be useful 
in the following. 

2.1 Gauss measure and rearrangements 

Let 7 be the A^-dimensional Gauss measure on defined by 

(i7 = 99(x) = (27r)^~ exp I --L^ j dx, j; G 

normalized by 7 (M^) = 1. 

We will denote by $ (r) the Gauss measure of the half-space {x G : xn < r| 
$(T)=7({xe]R^:Xiv<T})=^L /" ex.p(-*—)dt VrGRU{-oo,+oo}. 

We define the decreasing rearrangement with respect to Gauss measure 
(see e.g. [13]) of a measurable function u in Q as the function 

u® (s) = inf {t > : 7„ (t) < s} sG ]0, 1] , 

where 7^ (t) = 7 ({x G : |n| > t}) is the distribution function of u. 



2.2 Sobolev and Zygmund space 

The weighted Lebesgue space U'{^,^) is the space of the measurable 
functions uonVt such that (i7 < +00. We recall also that the weighted 

Sobolev space Ty^'^(J7,7) for 1 < p < +00 is defined as the space of the 
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measurable functions u £ ^^(0, 7) such that there exists gi,...,gN £ L^^Q, 7) 
that verify 

u-^ — ip(p — [ utpxiip = [ gi^Jif i = l,...,N V^/^ G 
We stress that u G W^''P{i^,^) is a Banach space with respect to the norm 

ll'"llw'i^P(0,7) = ll'"llLP(n,7) + ll^'"llLP(n,7) ■ 

The Zygmund space LP(log L)"(r2, 7) for 1 < p < +00 and a S M is the 

space of the measurable functions on such that the quantity 



l'"llLP(logL)"(r2,7) 



7(n) 



[(l-logt)"n®(t)f 



sup [(1 -logt)"n®( 
L<e{o,7{n)) 



if 1 < p < +00 
if p = +00 



(2.1) 



is finite. The space -L*'(log L)"(il, 7) is not trivial if and only if p < +00 or 
p = +00 and a < 0. 

The Zygmund spaces are the natural spaces in the context of Gauss measure, 
because of the following property of isoperimetric function is (see |20j): 



(fi o $"^(t) ~ t(21og^)5 for t ^ 0+ and t ^ 1" 



(2.2) 



We remind same inclusion relations among Zygmund spaces. If 1 < r < p < 

+00 and —00 < a, (3 < +00, then we get 

Lf(logL)"(f),7)CL'-(logL)/^(J^,7) • 

It is clear from definition (12. ip that the space -L^(log L)"(r2, 7) decreases as 
a increases. For more properties we refer to [5]. 



2.3 Smoothness assumptions on the domain 

In this paper we deal with integrals involving the values of a M^^'^— function 
on 50. To this aim we need to have a suitable local description of the set Q 
and di} is a finite union of graphs. More precisely we will consider smooth 
domain il. which verifies the following condition (cfr. Chapter 6 of [18j for 
bounded domain). 
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Condition 2.1 Let O be a domain such that there exist 

i) m G N coordinate systems Xr = {x'j.,x^) where x'^ = {xl, ...,x^~^) 
for r = 1,2, ...,m; 

ii) ai,bi £ MU {±00} for i = 1, N — 1 and m Lipschitz functions in 
= {x^ : X* G (oj, bi) for i = I, ...,N — l} 

for r = 1, ...,N; 

iii) a number /3 > such that the sets 

= {(x^,x^) eR^ : x'^ e Ar and x^ = ar{x'^)} 

m 

are subsets of 90, dVL = U and the sets 

r=l 

C/+ = {(x;,xf ) G : x; e and a,.(x;) < x^ < a,.(x;) + /?} 

C/^^ = {(x^,x^) G : x^ G Ar and a,.(x^) — /3 < x^ < a,.(Xr)} 
are subset of (after a suitable orthonormal transformation of coordinates). 

We observe that the set Uj. = U C/^^ is an open subset of and 
there exists an open set Uq <Z ^ such that the cohection {?7,.}^q is a 

open cover of Vt. Moreover the cohection is a open cover of 50. 

3 Sobolev logarithmic inequalities in iy^'^(n, 7) 

In this section we prove continuity and compactness of imbedding 
of W^'P{Q.,^) into LP {log L)^{VL,^). We wih deal also with the case p = 
+00. The first step is to obtain the analogue of (jl.2p and (jl.Sp when u G 
W^'P{il,-i) for 1 < p < +00. 
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Proposition 3.1 (Continuity) If u € W^''^{Q,^) for 1 < p < +00 and $7 
satisfies condition \2.1\ then there exists a positive constant C depending only 
on p and Q such that 

ll^llL.(logL)^(Q,,)^^II^II^^Mf^.7)' (3-1) 

i.e. the embedding of weighted Sobolev space VK^'^(il,7) into the weighted 

1 

Zygmund space (logL)2 ($1,7) is continuous for 1 < p < +00. 

To prove Proposition l3.1l we need an extension operator P from W^''^{^, 7) 
into W^'^{W^,j). Wlien u G WQ'^{Q,-f) tlie natural extension by zero out- 
side 0, is continuous without any assumptions on the regularity of the bound- 
ary. Working with the space W^'P{Q,j) the situation is more delicate and 
the regularity of the boundary of plays a crucial role. 
Using classical tools (see e.g. [4] ) it is possible to prove the existence of an 
extension operator P from W^'P{Q.,^) into W^'P{M.^ ,j) which is linear and 
continuous. The extension operator allows us to prove the density ( for the 
classical case see e.g. [4J) of C°°m in W^'P{n,-f). 

Proof of Proposition 13.11 We consider the extension operator P from 
VF^'P(0,7) into M^^'P(M^,7) and using (II. 2p we obtain for some constant c 



\\u\\ 1, < c\\Pu\\ , ,1, „ < C IIV (Pn) II r„mjv 

for u G W^-^iSl^-i). 



^ c ||Pn||^i,p(]g]v^^) < c ||n||^^i,p(^^^^ 



□ 



Remark 3.1 The space L^(log L) 2 (0, 7) obtained in the Proposition 1 3. il is 
sharp in the class of the Zygmund spaces as the following example shows. 
We consider Q = {x S : xat < w} with c<j G M and the function Ui{x) = 
^\xn) with -i < 5 < 0. We observe that uf{s) = s^ . By ([22]) we have 
that 

nm J, 

< +00 <^ J s P{l-log s)2ds < +00, 
this means that us G W^'P{i^,^) and 

1 

IP'5|lLP(logL)"(Q,7) < ^^=^ " - 2' 
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Remark 3.2 By Proposition 13.11 follows the continuity of the embedding of 
Sobolev space W"^'P(flff) m> 1 into the Zygmund space IPi^ogEp'^ (flff) for 
a < ^. A similar result for Q = is proved in [15j . 

Let now consider Lipschitz continuous functions. 



Proposition 3.2 If u is a Lipschitz continuous function, il. satisfies con- 
dition \2.1\ and lim u{x) = 0, then there exists a positive constant C 

x(iQ,,\x\^+oo 

depending only on Q, such that 

\W\\ , , 1, < C \\\Vu\\j ooiri\ + \\u\\t oc,(r,\] ■ (3.2) 



Remark 3.3 The space -L°°(log L)^2 (ri, 7) obtained in the Proposition 13.^1 
is sharp in the class of the Zygmund spaces as the following example shows. 
We consider = |x G : < a;} with G M and the function us{x) = 
(1 - log^'(x7v))'^ with < 5 < i. We observe that nf (s) = (1 - logs)*^ . By 
([2:2]) we have that 

ll^'"llL°°(n) < (1 — logs)'^^2 < +00, 

sG(0,7(n)) 

this means that us is a Lipschitz continuous function and 
II II 1 

IP<5llL-'(logL)"(n,7) < " < 

In order to prove Proposition 13.21 we can argue as in the proof of Propo- 
sition \3.1\ we need the extension operator P and the inequality ()1.3p . Let 
us observe that the boundary conditions lim u{x) = and ui^f^ = 

are necessary to obtain the Polya-Szego inequality for p = +00, that is a 
crucial tool to prove (jl.3p and (j3.2p . 



Proposition 3.3 (Compactness) Let 1 <p < +00 and let satisfy condi- 
tion \2.1[ Then the embedding of W^'P^ft,^) into log L^($7, 7) is compact 

Proof. It is enough to prove the compactness of the embedding of 
VF^'^(lSl,7) into ZJ(ir2 7). Indeed we have that any bounded set of IF (logL)2 (57,7) 
which is precompact in L^ (^7)7) is also precompact in L*' log L^(il, 7) with 
13 <\ (see e.g. Theorem 8.23 of [2]). 
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Let be S bounded set in W^'P{Q,'j), then 5 is bounded in L^{Q,j) too. 
Using a characterization of precompact sets of Lebesgue spaces (see e.g. 
Theorem 2.21 of 0) we have to prove that for any number e > there 
exists a number 6 > and a subset G CC Q such that for any u £ S and 
every h E M"^ with < 5 the following conditions hold: 



I / \u{x + h)(p{x + h) — u{x)(p{x)\ 
Jn 



dx < e 



(3.3) 
(3.4) 



b) / \u\ dj < s, 
Jq~g 

where u is the zero extension of u outside 17. 

Let e > and $7^ = |x G J7 : dist{x, dQ) > ij for j G N. By ([3?T]) we have 



for some constant c 



|n| (i7 < 



< c \\u\ 



1 - log t) 2 U®{t) 

(1-logt) 



dt 



(1-logt)-- 



4]^ 



Since the Gauss measure of 17 is finite, we can choose j big enough to have 

\u\ d'y < e, (3.5) 



L 



(i.e. (fO]) holds) and for h £ 



\u{x + h)ip{x + h) — u{x)ip{x)\ dx < -. 



(3.6) 
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Let \h\ < J, then x + th e VL2j if x G and t G [0, 1] . Let n G C°°(0), we 
have for some constant c 



\u{x + h)Lp{x + h) — u{x)lp{x)\ dx (3-7) 



< 



1 , ,, 

dtci2;(toghere) 



^u(x + th)(p(x + th) 
dt 



'1 

< I I \Vu{x + th)h(p{x + th) -u{x + th)(p{x + th){x + th)h\dtdx 



<\h\l \Vu{y)ip{y)\dy + \u{y)ip{y)y\ dy 



iyi'P{n,7) • 

In the last inequaHties we have used (j3.ip and the fact that /(x) = |x| G 

, _ 1 

U (LogL) 2 (0,7). Indeed since 7/ (t) = 1 — 7(i3(0,t)), one can easily 
check that 

friQ) I , f+00 I 

/ {l-\ogs)~'^[{\x\f{s)Yds= / tP'(l-log7/(t))-^7/W^*<+°°- 

JO JO 

Because of the density of C°°(r2) in ^^^'^($1,7), (13. 7p holds for every u in 
VF^'P(i7,7) and then for \h\ small enough by ()3.6p and ()3.7p we obtain (j3.3p 

□ 

Remark 3.4 Obviously the compactness results holds for Wq'^{Q.,^) for 
any domain fi. 

Remark 3.5 The compactness proved in Proposition 13.31 implies the com- 
pact embedding of Sobolev space m> 1 into the Zygmund space 
ITi^ogLT^ (ft^) for /3 < i. 

The compactness can be used to obtain a Poincare-Wirtinger type in- 
equality. 

Proposition 3.4 Let Vt he a connected domain satisfying condition \2.1[ As- 
sume 1 < p < +00. Then there exists a positive constant C , depending only 
on p and VL, such that 

\W-u^\\^p(^^^^^ < C'l|Vn||^j,(f^^^-) (3.8) 
for any u G H^^'*'(ri, 7), where uq = ^^^^ f^ud'y. 
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Proof. We precede as in the classical case. We argue by contradiction, 
then there would exist for any A; G N a function € VF^'^(il,7) such that 

\\uk - iuk)n\\LP^n,^) > ^l|V^fcllLP(n,7) • 
We renormalize by defining 

Vk= , TS'ii" ■ (3-9) 

Then 

ivk)n = 0, \\vk\\LP(n,j) = 1 

and 

and WVvkh,^^^^^ < J. (3.10) 

In particular the functions {ffclfcg^ bounded in W^'^{Q,,'y). Then by the 
previous theorem there exists a subsequence still denoted by {ffcl^gN ^ 
function v such that 

Vk ^ V in L^(r2, 7). 
Moreover by (13. 9p it follows that 



VQ = and = 1. (3.11) 

On the other hand, (|3.10p implies for any ip E CQ°{il.) and i = 1, N 

v-^i^dx — I vijjXiipdx = lim ( [ VkTr~^dx — [ Vkil'Xiipdx 
oxi Jn k^+00 dxi Jq 

= lim — [ —^iljLpdx = 0. 
dXi 

Consequently v £ W^''p{Q,j) and Vv = a.e. Then v is constant since is 
connected. In particular by the first estimate in p. lip we must have v = 0; 
in which case ||^|liP(n7) — 0- This contradiction establishes the estimate 

(IHSl). 

□ 



Remark 3.6 The previous proof works in a more general case. Let be a 
connected domain satisfying condition 12 . 1 1 and let V C W^'^{Q, 7) be a linear 
subspace of W^'P{^1,j) with 1 < p < +00 which is closed and such that the 
only constant function belonging to V is the function which is identically 
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zero. Then there exists a positive constant C, depending only on p and O, 
such that 



FllLp{n,7) 



< C 




dv 



dxi 



e V. 



Remark 3.7 (Application to PDE) Let Q be a connected domain satisfy- 
ing condition 12. 1[ Let us consider the semicoercive homogeneous Neumann 
problem 

(3.12) 

on dQ, 



where / G L^(logL)~2(r2,7) and is the external normal. Using clas- 
sical tools (see e.g. 0] Theorem 6.2.3) and inequalities (13. ip and (]3.8p 
it follows that problem (j3.12p has a weak solution in W^''^{d,^) if and 
only if fd'j = 0. In particular there exists a unique weak solution in 
X = {it G W^''^{n,^) : f^ud'y = O} by Lax-Milgram theorem. 

We consider also the following eigenvalue problem related to the equation 
of quantum harmonic oscillator 



du 
dv 



(3.13) 







on dU,. 



Arguing in a classical way (see e.g. [3] Theorem 8.6.1), using inequality 
(j3.8p and the compactness of the embedding from Vl^^'^(i7,7) into L^(0,7), 
it follows that there exists an increasing sequence of eigenvalues of the 
problem (I3.13P which tends to infinity and a Hilbertian basis of eigenfunc- 
tions in Lp'iVL,^). Moreover for Ai = 0, the corresponding eigenfunction 
ui = const 7^ and the first nontrivial eigenvalue A2 has the following 
characterization 



A2 



iVnl 



mm 



L2{Q,7) 



,u G VF^'2(J1,7) : / u(i7 = 



l^llL2(n,7) 



4 Sobolev logarithmic trace inequalities 

In this section we deal with integrals involving the values of a C°°— function 
on dVt. We prove that a certain integral of the function on 50 is bounded by 
the PF^'^— norm on il. This inequality will be crucial to define trace operator 
(see §5). 
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Proposition 4.1 Let Q be a domain satisfying condition 12.11 and 1 < p < 
+00. For every u £ C°°{^}) there exists a positive constant C depending only 
on p and ^1 such that 

[ |uriogV(2 + |n|)^d5<C||n||P . (4.1) 

Jon ^ ' ' 

Remark 4.1 We obtain the same result if we replace the first member of 

r p~i 
dUD with the quantity / (log+(|n|)) ^ ^pdS. 

Jan 

Proof. Following classical tools (see Chapter 6 of |18) ) it is enough 
to prove the existence of a constant Ct > such that for any function 
u G C°°(i7) whose supports is in A.^ U we have (j4.ip . After suitable 
transformation that maps A,, x ]0,/3[ onto and x {0} onto A^, we 
can reduce to consider u such that the support is in A^ x [0,/3[. Then it 
is sufficient to prove the existence of a constant C > such that for any 
function u G C°°{Aj. x [0,/3[) whose supports is in A^ x [0, /?[ 



/ |n(x;,0)|^log''2'(2 + |n(x;,0)|)(^«,0) dx'^ < C \\uf^,^p^^^^^^^^^^^^ . 

(4.2) 

holds. In (j4.2p we have denoted by u the composition of u with the change 
of coordinates. 

Now we prove (j4.2p . For some constant c that can varies from line to 
line we have 



|n(x;,0)|^logV(2 + |u(x;,0)|) v?(x;,0) dx'^ 
< c{Ai+A2 + A3) 



(4.3) 



where 

Ai -- 

A2-- 

^3 = 



p\u{x'^,x^)f ^log'^ (2+|'u(x^,x, 



du 



(x^, Xy, ) 



dxif 



log'^-n2 + |u(x;,x^)|) 



2 + |u(x;,x^)| 



du 



(x;,x^) 



dxif 



(p{x'j.,x^) dx^ dx'j. 



n(x^,x^)|^log^2 [2 + \u{x'j.,x^)\)(p{x'j.,x^) \x^ \ dx^ dx'^. 
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We observe that the function f{x) = £ L°°(logL) 2 (A,, x ]0, /3[,7). 
Indeed 7/ (t) = 2<I> {—t) and using (|2.2p we have 



sup (1 -logt)-2/®(t) = 

tG(0,7(A^ x]0,/3D) tg{0,7(A^ x]0,;9D) 



sup (l-logt)-5 ^ ) ) 



<c sup (l-logt) 2(21og -)2 < +00. 

t6(0,7(A,x]0,/3[)) * 



Then we obtain 



As < c llnl 



LP{logL)^(A.x]0,/3[,7) " "^-(l°gi')-MA.x]0,/3[,7) 
Moreover using Holder inequahty, we obtain 



(4.4) 



Ai < c 



u{x'i,,x^)flog2{2+\u{x[.,x!^)\)ip{x'^,x!^) dx'j! dx'. 



ArX]0,/3[ 



(4.5) 



A2 < c 



n 



ArX]0,/3[ 



(x;,x;^)f log('^-i>'(2+ |n(x;,xf)|)(^(x;,x;^) dx^^ dx;j x 

(4.6) 



5u , 



ix' x^) 



(/9(x^,X^) dx^ dx' 



We observe that 



/ |n(x^,x^)|^log(''2 (2 + |ti(x^,x^)|)(/?(x'.,x^) dx^ dx^ 

ti(x^,x^)|^log2(2 + |m(x^,x^)|)(/3(x^,x^) dx^ dx^ 



< c 



A,x]0,/3[ 



and 



u(x;,xf)riog5(2 + |n(x;,x^')|)(^(x;,x^") dx^" dx; l < (4.7) 



ArX]0,/3[ 
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7(A,x]0,/3[) , 



n®(t)log2(2 + n®(t)) 



< c 



7(A,x]0,/3[) 



{I - log t) 2 U®{t) 



dt 



dt , 



because log(2 + u®{t)) is dominated by a multiple of (1 — logt). Indeed 
LP (logL)2 C LP C LP'°°, then u®{t) < ct f for some positive constant. 
Putting (j4.4p - (|4.7p in (j4.3p and using Proposition 13.11 we have 



0) r log V (2 + \u{x'r, 0) I , 0)dx'^ 



A, 



< c n 



LP(1. 



lgL)^(A.x]0,^[J^"""^^(^'-]°''^['-)+^""^"L'niogL)^(A.x]0,^[J^'''^ 



IP-1 

IVFi'P(A^x]0,/3[,7) 



||Vn| 



LP(A,x]0,/3[,7) 



+ C U 



iyi.P(A,x]0,/3[,7) 



^ II l|P 

^ C IFIIh/i.p(A^x]0,/3[,7) 



□ 



Remark 4.2 In (j4.ip the exponent of the logarithmic is sharp as the 
following example shows. We consider = £ : xat < w} with a; € M 
and the function us{x) = ^^{xn) with — ^ < 5 < as in Remark |3.1[ We 
have that 

/ \uf log^ {2 + \u\)ipdS = A1+A2 + As 
Jan 

where 



Ai 
A2 



P 



{x',xn) log'^(2 + |ti(x',XAr)|) 



du 



P-^\ , , ,^p \og^-\2 + \u{x',XN)\) 

\u{x ,xk[)\ ; — T-, r; 

n 2 I ^ ' 2 + \u{x',xn)\ 



du 



x'^, Xn) 



ip{x' , X]\f)dx'dx]\f 



dxN 



{x',xn) 



ip{x' ,X]\f)dx'dxN 



A^ = — I I 1^(2;^, xat)]^ log 2 [2 + \u{x' ,XN)\)(f{x' ,xn) xn dx'dxN- 
In 



^ - 2 2 



By ([22]) we have that 

Ai < +00 <^ 
Moreover A2 < cAi and 

^3 < +00 



p _ 2' 



because xn G L°° (logL) 2 (^^,7)- 
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If p = +00 we can prove the following result. 

Proposition 4.2 Let il. be a domain satisfying condition 12.11 For every 
u G C°°(r2) such that lim u = and every A G (0, 1), there exists a 

XS:Q,\x\—^ + OD 

positive constant depending on Q and A such that 



an 



exp ( A |n| ) (f dS < C exp 



(4.8) 



iViil 



iVnl 



L°°(Q) + ll'"llL°°(f7) ) + ^ 



Proof of Proposition 14.21 As in the proof of Proposition 14.11 it is 
sufficient to prove for any functions u G C°°{Ar x [0, whose supports is 
in Aj, X [0, /?[ and any A G (0, 1) the following inequality 



J exp ^A 1^(2;^, 0) I (p{x'j.,0)dx[. < C exp 



|V^IIloo(A^x[0,;S[) + ll^llL°°(ArX[0,/3[) 



(4.9) 



X llVul 



l^^llL°°(ArX[0,/3[) + II'"'IIl°°(A^x[0,/3[) 



+ 1 



lL°°(A,x[0,/3D 

holds for some positive constant C not depending on u . 

Now we prove ()4.9p . For some constant c that can varies from line to 
line we have 

j exp (^A|u(4,0)|^) (^(x;,0)dx; < c(Bi + B2) (4.10) 



where 

Bi -- 

B2-- 



A |n(x^, 0)1 exp I A \ u{x[.,0) 



dx^ 



lArJl3 



exp ^A 1^(2;^, 0)|^^ (/?(x^,2;^) |x^| dx^ dx'^. 
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Moreover, since u®(t) < \\u\\ , i , , , fl — logt)2 in x \0,B\, 



we have 

rO 



(4.11) 



= A||Vtx||^^(S;x[o,/3D |n®(t)|exp(A|^x®(t)|'j(it 

- ^""""P ("''"L-(logL)-^(A;x[0,/3D) "^''"^°°(A;x[0,/3[) ll"llL-(log L)-^ (a;x [0,/3[) 







and 

r. II ivil fu ,,2 A r(^^[°''^i\i-iogt)^ , 

^-11 »• llL°o(logL) 3(A,x]0,/3[,7) ^ V' "L°°(logL)-^(A,x[0,/3[)77o 

(4.12) 

For any A G (0, 1) the integrals in ()4.1ip and ()4.12p are finite and 

Bl < c||Vu||^^(s;^[o_^[) "'*"L-(logL)-5(A;x[0,/3[)''''P (""""L-aogL)-^ (A^x [0,/3[)) 

(4.13) 

and 

^2 < cexp ( ||n||^ 1 _ ) (4.14) 

V i°°(logL)-5(A.x[0,/3[)y ^ ^ 



for some constant c depending on A and A^. x [0, /3[ . 

Putting (|i33D and KWi in (|i30D and using ([SJl) we obtain K9\\ . 



□ 



Remark 4.3 In (j4.8p the power 2 in the argument of the exponential is 
sharp as the following example shows. In order to show that we need to 
consider = |x G : xj\i < uj^ with a; G M and the function us{x) = 
us{x) = (1 — log$(xAr))^ with < 5 < ^ as in Remark 13.31 and argue as in 
Remark 14. 2[ 



5 Trace operator 

In this section the "boundary values" or trace of functions in Sobolev 
spaces are studied. 
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If $7 is a domain satisfying condition \2.1\ given a smooth function u G 
C°°(r2) C VF^'P(f],7) we can define the restriction to the boundary u\qq . It 
turn out that this restriction operator can be extended from smooth func- 
tions to W^'P{Q,'y) giving a hnear continuous operator from W^'P{Q,'y) to 
U'{dQ,'y), the space of the measurable functions defined almost everywhere 
on such that 

/ \u\p if dn^-^ < +00. 

Jan 

We stress that U'{d^, 7) is a Banach space with respect to the norm HiiH/^pj^aQ -y) 

Using the logarithmic Sobolev inequalities ()4.ip . there exists a constant 
C > such that for every u G C°°(H) 

ll"llLP(aQ,7) - ^ ll^llvi/i.P(n,7) • (^-1) 

It follows that the operator 

T:C7°°(n)^LP(917,7) 
u — )• Tu = u/dn 



is linear and continuous from yO°°{n), \\\\w^-p{n ■y)j yLP{di},'j), \\\\LP{dn'y) 

By Hahn-Banach theorem and the density of C°^{Q) in W^'^{Q,j) the 
operator can be extended to W^''p{Q,,^). This linear continuous operator 
from W^''P{Q,^) to LP(90,7) is called trace operator of u on dQ. Then 
there exists a constant C > such that 

ll^^llLP(9n,7) ^ C'll^llH/i>f{o,7) for «^very u G W^^'P^n^j), (5.2) 

that implies that VF^'^(r2,7) is continuous imbedded in U'{dQ.,'^). 

Moreover the trace operator is compact for 1 < p < +00. Indeed let 

{un]n&{ ^ bounded sequence in I^^'P(r2,7), we will prove the existence 

of a Cauchy subsequence in LP{d^l,j). By Proposition 13.31 there exists a 

1 

Cauchy subsequence, still denoted by {un}^^^ , in (log L) ^ (0, 7). More- 
over arguing as in the proof of the inequality (|4.ip we have 

\\TUn - TUmW^P^dn^^) < / \TUn - TUmf log^ {2 + \TUn - TUm\)(p dH^'^ 

< C \ \Un Itm 11^ 1 II V {Ufi UjYi) \ \ rp(n ^\ 

+ c\\Un-Um\f p-i II^A^ILoon r^*^o ^' 

LP {log L)^{n,j) L°°{logL)^(n,7) 
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then {unj^gj^ is a Cauchy sequence in LP{dQ,j) too. 
The norm of the trace operator is given by 

inf (5.3) 

and this value is the best constant in the trace inequahty (j5.2p . The trace 
operator is compact, therefore an easy compactness arguments prove that 
there exist extremals in (j5.3p . These extremals turn out to be the weak 
solution of 

— div{\Vu\^~'^ Vuip) = \u\^~'^ uip in Q 

(5.4) 

, \^<~^^ = >'\<~^u ondn, 
where A is the first nontrivial eigenvalue. 

When p = 2 and Q is a connected domain satisfying condition [2T] using clas- 
sical tools, compactness of the trace operator from W^''^{Q,j) to L'^{dQ,j) 
and (jS.Sp it follows that there exists an increasing sequence of eigenvalues 
of the problem (|5.4p which tends to infinity and a Hilbertian basis of eigen- 
functions in L^(r2,7). 

Moreover the continuity of the trace operator from W^''^{Q,, 7) to L?'{dQ., 7) 
and (|3.8p allow us to investigate about the existence of a weak solution of 
the following semicoercive nonhomogeneous Neumann problem 

^=9 ondn, 

where is a connected domain satisfying condition l2.lt f ^ L'^ (log L) 2 (17, 7) 
and g G L'^{dQ,^). Indeed using classical tools (see e.g. [1] Theorem 6.2.5) 
we obtain that there exists a weak solution in W^''^{^l,j) if and only if 
In f'^'y~^ fan 9^ dH^~^ = 0. In particular there exists a unique weak solution 
in X = |n G VF^'^(0, 7) : vd'^ = 0| by Lax-Milgram theorem. 

6 Poincare trace inequality 

Arguing as in Proposition l3.4l (see Remark l3.6l too). we prove the following 
Poincare type inequality. 



18 



Proposition 6.1 Letil. be a connected domain satisfying condition \2.1\ and 
1 < p < +00. Then there exists a positive constant C , depending only on p 
and VL, such that 

\MLP{na) < (6.1) 
foranyueX=\ue W^'P{n, 7) : / u(p dU^-^ = 1 . 

Using ()5.ip and ()6.ip we obtain 

Corollary 6.1 Let Q be a connected domain satisfying condition \2.1\ and 
1 < p < +00. Then there exists a positive constant C , depending only on p 
and Vt, such that 

\\Tu\\Lv{dnn) ^'^W^^W LP i^ia) (6.2) 

for any u £ X. 

Remark 6.1 {Application to PDE) Let consider the eigenvalue problem 

- (uxMx- =0 in r2 

(6.3) 

7r = ^u on dn, 

where is a connected domain satisfying condition 12.11 Arguing in a classi- 
cal way using inequality (j6.2p and the compactness of the trace operator, it 
is easy to prove that there exists an increasing sequence of eigenvalues of the 
problem (|6.3p which tends to infinity. Moreover for Ai = the correspond- 
ing eigenvalue function ui = const ^ and the first nontrivial eigenvalue 
A2 has the following characterization 



Ao = min 



ll^^llL2(n,7) 

l^^llL2(aQ,7) 



, u G P^^'2(fi, 7) : / dH^-^ = i . 

Jan J 
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